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Generative Classifiers vs Discriminative Classifiers

probabilistic classifier
@ we are given a dataset D = {(x;, i)},
@ the goal is to compute the class posterior p(y = c|x) which models the mapping
y =f(x)
generative classifiers

@ p(y = c|x) is computed starting from the class-conditional density p(x|y = ¢, 0)
and the class prior p(y = ¢|@) given that
p(y = cl|x,8) o p(x|y = c,0)p(y = c|6) (= p(y = ¢, x|6))
@ this is called a generative classifier since it specifies how to generate the feature
vector x for each class y = ¢ (by using p(x|y = ¢, 0))

@ the model is usually fit by maximizing the joint log-likelihood, i.e. one computes
6" = arg max}_, log p(yi, xi|6)

discriminative classifiers

@ the model p(y = c|x) is directly fit to the data

@ the model is usually fit by maximizing the conditional log-likelihood, i.e. one
computes 6* = arg max > log p(yilxi, )
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Naive Bayes Classifiers

Basic Concepts

a Naive Bayes Classifier (NBC) uses a generative approach

@ let x = [xi, ...,XD]T be our feature vector with D components®
@ let y € {1,..., C} where C is the number of classes

@ assumption: the D features are assumed to be conditionally independent given
the class label, i.e.

D
p(xly = c,0) =] p(xly = c,6;)
j=1
@ this is the simplest approach to specify a class-conditional density

@ it is called "naive” since we do not actually expect the features to be conditionally
independent, even conditional to the class label y = ¢

@ even if the naive assumption is not true, NBC often works well given that the
model is quite simple and depends on O(CD) parameters and hence is relatively
immune to overfitting

lone can have x € R” or x € {1,2,..., K} or x € {0,1}"
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Naive Bayes Classifiers

Class-Conditional Distributions

the form of the class-conditional density depends on the type of each feature

@ if x; € R we can use the Gaussian distribution

D
p(X‘y =, 9) = HN(XJ“’LJCvo—fC)

j=1
where for each class ¢ we specify the mean pjc of feature j and its variance ojc

@ if x; € {0,1} we can use the Bernoulli distribution

D
p(xly = c,0) = [ [ Ber(xlic)

Jj=1

where for each class ¢ we specify the probability pjc = p(x; = 1|y = ¢), i.e. the
probability that feature j occurs
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Naive Bayes Classifiers

Class-Conditional Distributions

@ if x; € {1,..., K} we can use the categorical distribution
D
p(xly = c,0) = [ [ Cat(xlmc)
j=1

where for each class ¢ we specify the histogram
wie = [p(x = 1ly = ¢), ..., p(x = K|y = ¢)]

@ other kind of features can be conceived and we can mix different kind of features
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Naive Bayes Classifiers

Likelihood

@ probability for single data case
p(xi, yi|0) = p(yilw)p(xilyi,8) = (NBC assumption) = p(y;|=) | [ p(xilyi 6))
J
where 6 is a compound vector parameter containing 7 and 6;

@ since y; ~ Cat(m)

I(y;=
plyilm) = [ w=?
c
@ for each class ¢ we allocate a specific set of parameters 0.

p(xilyi, 0;) = [ | p(xs16,c)" 0=

@ hence

pxi,yil0) = [ [ = TT T ] p(xil65) =
c j c
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Naive Bayes Classifiers

Likelihood

@ the log-likelihood is given by

N N C N D C
log p(D|0) = Z log p(xi, yi|0) = Z Z log ﬂﬂc(y’:c)-i-z E Z log p(x;j|0;c)" =
=1

i=1 c=1 i=1 j=1 c=1

Cc D C
S IUTEES 9 9p ST
c=1 j=1 c=1 iry;=c

where N £ 3. I(y; = c) and we assumed as usual that the pairs (x;,y;) are iid
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Naive Bayes Classifiers

MLE

@ the log-likelihood is

log p(D|0) = Z N¢ log mc + ZZ Z log p(xij|0jc)

Jj=1 c=1 iry;=
here we have the sum of two terms, the first concerning @ = [m1, ..., m¢] and the
second concerning DC set of parameters 6.

@ in order to compute the MLE we can optimize the two group of parameters 7 and
0)c separately
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Naive Bayes Classifiers

MLE

@ the log-likelihood is

C D C
log p(D|6) =Y _ Nelogme + > Z D logp(x;l6ic)
c=1 j:

Jj=1 c=1 iry;j=c
@ the first term concerns the labels y; ~ Cat(m), recall how we computed the MLE
of the Dirichlet-multinomial model
@ the MLE can be computed by optimizing the Lagrangian

I(,\) = ZNclogrrc—i—)\(l—Zﬂc)

c

where we enforce the constraint >~ 7. =1

@ we impose 377 =0, g)/\ = 0 and we obtain the MLE estimation
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Naive Bayes Classifiers

MLE

@ the log-likelihood is

C D C
log p(D]6) = > Nelogme + > > Z log p(x;|6jc)
c=1 j=1 c=1 iy;=c

@ as for the second term optimization, we assume the features x; are binary, i.e.
xij € {0,1}, and x|y = ¢ ~ Ber(0;.), hence 8;c = 0;c € [0,1]

@ in this case, we could compute the MLE by using the analysis which was
performed with the beta-binomial model

@ doing the math again, we have to optimize the function

-3y > togpluld) = Sy Y (1 = 11088170 = 0)1og1-)

Jj=1 c=1 iry;= Jj=1 c=1 iry;=

.MD
Mm

(Ne — Njc) log(1 — 0jc)

D C
=323 Nelogt +
j: 1

where Nic £ 3", I(xj = 1,y; = c) and Nc £ 3, I(y; = ¢)

.
I
—_
a
I
A

-
I
-

e}
> 9
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Naive Bayes Classifiers

MLE

@ we have to optimize the function

D C D C

J=)" Nplogjc + > > (Ne — Nic) log(1 — ;)

Jj=1 c=1 j=1 c=1

where Nic £ 3" I(xj = 1,y; = c) and Nc £ 3", I(y; = ¢)

@ by imposing 0. = 0 one obtains the MLE estimate
jc
. N:
0. = -2
J! NC
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Naive Bayes Classifiers

Model Fitting

algorithm: MLE fitting a naive Bayes classifier to binary features (i.e. x; € {0,1}°)

N:. =0, N_,'c =0;

fori=1:Ndo
c:=y // get the class label of the /-th sample
Ne =N+ 1,

for j=1:D do
if x; =1 then

‘ IVjc = IVjc +1
end
end
end
~ N, A N;
e = ch ejc = ,\f,

@ see the naiveBayesFit script for some Matlab code

@ the algorithm takes O(ND) time
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Naive Bayes Classifiers

Bayesian Reasoning

@ as we know the MLE estimates can overfit

@ recall the black swan paradox and the issue of using empirical
fractions N;/N

@ a simple solution to overfitting is to be Bayesian
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The Beta-Binomial Model

Prior

@ for simplicity we use a factored prior

D C
p(8) = p(m) [TTT p(6sc)

Jj=1c=1
where 0 is a compound vector parameter containing 7, 6;c

@ as for the prior of 7t we use
p(m) = Dir(ra)

which is a conjugate prior w.r.t. the multinomial part

@ as for the prior of each 6;c we use

p(bjc) = Beta(fjc ‘/60, b1)

which is a conjugate prior w.r.t. the binomial part

@ we can obtain a uniform prior by setting a =1and fo =51 =1
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The Beta-Binomial Model

Posterior

@ factored likelihood

D ¢
log p(D|6) = log Cat(y|w) + Z Z Z log Ber(x;|6;c)

j=1 c=1 ity;=c
@ factored prior
D C
p(0) = Dir(|x) HHBeta (0jc|Bo, B1)
j=1c=1
@ factored posterior

D C
p(61D) = p(x[D) [T [ p(6scID)

j=1c=1
p(w|D) = Dir(w|Ny + aa, ..., Nc + ac)
p(0c|D) = Beta(0jc|Njc + 1, (Ne — Nic) + fo)

@ to compute the posterior we just updates the empirical counts of the likelihood
with the prior counts
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The Beta-Binomial Model

MAP

@ factored posterior

D C
p(8|D) = p(=|D) [ [ ] p(65IP)
j=1c=1
p(w|D) = Dir(w|Ny + o, ..., Nc + ac)
p(0jc|D) = Beta(8jc|Njc + B1, (Ne — Nic) + o)

@ MAP estimate of 7 = [r1, ..., 7c]

7t = arg max Dir(w|M + a1, ..., Nc + ac) = #fc= IX;%E

@ MAP estimate of 0 for j € {1,...,D}, c €{1,...,C}

~ A N'c+ﬂl -1
0. = Beta(0c| Nic ,(Ne — Nic O = —————
J arg ngjacx € a( ! | ! Jr/Bl ( / )+ﬂ0) = / Nc+/81+ﬁo_2
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Naive Bayes Classifiers

MAP Model Fitting

algorithm: MAP fitting a naive Bayes classifier to binary features (i.e. x; € {0,1}°)

Ne =0, Nic=0;

fori=1:Ndo
Cc =Yy // get the class label of the /-th sample
Ne:= N+ 1;

for j=1:D do
if x;j =1 then
| Nie:= N +1
end

end
end

A~ Netoc—1 é\ _ Njic+B81—-1 |
¢ N+op—C " 7JC Ne+pB1+po—2"
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Naive Bayes Classifiers

Posterior Predictive

@ if we are given a new sample x the posterior predictive is
ply = clx, D) x plxly = ¢, D)p(y = c|D)

@ with a NBC the class conditional density can factorized as

p(xly = ¢, D) = [[ p(xly = ¢, D)

Jj=1
(since features are assumed to be conditionally independent given the class label)
@ combining the two above equations returns

p(y = clx,D) < p(y = c[D) [ [ p(xly = ¢, D)

j=1
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Naive Bayes Classifiers

Posterior Predictive

@ we start from this factorization and we apply the Bayesian procedure

ply = c|x, D) x p(y = c|D) [ [ p(xly = ¢, D)

=1

@ first step, we integrate out the unknown 7 on the first factor

ply = c|D) = / p(y = ¢, x|D)dm = / ply = clm, D)p(x|D)dm =

(‘n gives enough information to compute p(y = c)) = /p(y = ¢|w)p(w|D)dm

@ second step, we integrate out the unknowns 6c on each remaining factor
plsly = D) = [ plg.Oicly = D)t = [ plolte,y = . D)pl6ly = <. D)d

(the new x is independent from ’D) = /p(xj|0jc,y = ¢)p(0;c|D)d0b;c
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Naive Bayes Classifiers

Posterior Predictive

@ recollecting everything together returns

ply = clx.D) x | [ ply = clm)plr[D)er| 1 | [ plslti.y = hptaelpan

Jj=1

and plugging-in the model PDFs/PMFs we adopted

p(y = c|x, D) {/Cat y = c|m)Dir(w|Ny + o,y ..., Ne + ac)dﬂ‘:|

D
11 [/ Ber(x;|0;c, y = c)Beta(fjc| Njc + 1, (Ne — Nic) +50)d91c} =
j=1

@ the first part is a Dirichlet-multinomial model

@ the second part is a product of beta-binomial models
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Naive Bayes Classifiers

Posterior Predictive

@ doing the math again for the first part
/Cat(y = C|7T)Dil’(7’l’|N1 + a1, ..., Nc + Ozc)dﬂ' =

/wc Dir(# |y + a1, ..., Nc + ac)dm = E[nc|D] = 'X/%
0

where g = > _ac

@ this is exactly how we computed the posterior mean for the Dirichlet-multinomial

model
Nc + ac

ﬁc = E[ﬂ'C|D] = m
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Naive Bayes Classifiers

Posterior Predictive

@ doing the math again for the second part

/ Ber(xi/0ic, y = c)Beta(8je| Njc + S, (Ne — Nie) + o) dfec —

/ 0,571 — 0 OBeta(Bec| Nic + B, (Ne — Nic) + fio)dbjc =

= (QJC)H(XJZI)(l - EJC)H(XFO)

Nic + 51
Nc + Bo + b1

@ in the above equations we first worked on x; =1 and then on x; =0

where
bjc = E[0;c|D] =

@ this is exactly how we computed the posterior mean for the beta-binomial model
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Naive Bayes Classifiers

Posterior Predictive

@ the final posterior predictive is

with the posterior means

n N'c +5
e =EleIP = 5 S
and No 4+
_ c T Q¢
Te = E[nc|D] = N+ o
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Naive Bayes Classifiers

Plug-in Approximation

@ we can approximate the posterior with a single point, i.e. p(8|D) ~ §4(8) where 8
can be the MAP or the MLE

@ we obtain in this case a plug-in approximation

D

p(y = c|x, D) H 9 )

@ the plug-in approximation is obviously more prone to overfitting
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Naive Bayes Classifiers

Log-Sum-Exp Trick

@ the posterior predictive has the following form

pixly =c)ply =¢) _ _ plxly = c)ply = ¢)
p(x) 2o p(xly = c)ply = ¢')

p(y = clx) =

@ p(x|y = ¢) is often a very small number, especially if x is a high-dimensional
vector, since we have to enforce Y, p(x’|ly = c) =1

@ this entails that a naive implementation of the posterior predictive can fail due to
numerical underflow

@ the obvious solution is to use logs

log p(y = c|x) = log p(x|y = c) + log p(y = c) — log p(x)

log p(x|y = ¢) + log p(y = ¢), one has

log p(y = c|x) = b — log {Z ebc’}

and if we define b,
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Naive Bayes Classifiers

Log-Sum-Exp Trick

@ with b £ log p(x]y = ¢) + log p(y = c) we have

log p(y = c|x) = bc — log {Z eba}

!

@ now we have the problem that computing e’ can cause an overflow?
@ we can use the log-sum-exp trick in order to avoid this problem

log [Zebc} = log ch:e”c—s) eB} = log {Z ebc_B} +B

c

where B £ maxc b.

be—

@ with this trick the biggest term e~ 8 equals zero

2since b can be a big number
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Naive Bayes Classifiers

Posterior Predictive Algorithm

@ the computed posterior predictive is
D p— p—
ply = clx, D) oc e [1(6,0) (1 — ,0) @~
j=1

@ if we apply the log we obtain

D
log p(y = c|x,D) o< logTc + » _1(x; = 1) log(8jc) + I(x; = 0) log(1 — bjc)

J=1

@ the above log-posterior is the basis for the next algorithm
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Naive Bayes Classifiers

Posterior Predictive Algorithm

algorithm: predicting with a naive Bayes classifier for binary features (i.e. x; € {0,1}°)

forc=1:Cdo
Lc :=log 7tc;
for j=1:D do
if x; =1 then
\ Le i = Lo+ Iogéjc
else
| Le:= Lo+ log(1— i)
end
end

pc := exp(Lc — logsumexp(Li.c));  // compute p(y = c|x,D)

end
y := arg max pc;
(=
@ the above algorithm computes y = arg max p(y = c|x, D)
c

@ the used parameter estimate 0 can be obviously best replaced with the posterior
mean 6 as shown in the computation of the full posterior predictive
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Feature Selection

By using Mutual Information

@ an NBC is commonly used to fit a joint distribution over potentially many features

@ the NBC fitting algorithm is O(ND) where N is the dataset size and D is the size
of x

@ problems: D can be very high and NBC may suffer from overfitting
@ a common approach to reduce these problems is to perform feature selection:

@ -evaluate the relevance of each feature
@ hold only the K most relevant features (K is chosen based on some tradeoff
accuracy-complexity)
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Feature Selection

Mutual Information

@ correlation is a very limited measure of dependence; revise the slides about
correlation and independence (lecture 3 part 2)

@ a more general approach is to determine how similar is a joint distribution p(X, Y)
to p(X)p(Y) (recall the definition X L Y)

@ mutual information (MI)

I[X; Y] £ KL[p(X, Y)|lp(X)n( Y)]—ZZP(X y)log X);p)(/))/)

@ one has I[X; Y] > 0 with equality iff p(X,Y) = p(X)p(Y)
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Feature Selection

Mutual Information

@ we want to measure the relevance between feature X; and the class label Y

11X; Y] = ZZP %, ) log (i}a&

@ for an NBC classifier with binary features one has (homework ex 3.21)

Ojc 1-—0j
L 210X; Y] = Z {Ojcﬂ'c log == + (1 — Ojc)7c log T HJ

c

where the following quantities are computed by the NBC fitting algorithm:
me =p(y =c), 0ic = p(x; = 1y = ¢) and 0; = p(x; = 1) = > _mcbjc
@ the top K features with the highest /; can then be selected and used
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